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2019-2020 Exam Solutions

SECTION A
1.
E. Mixed isotropic and kinematic hardening
[2 marks]
2.
C. Less conservative than the Goodman line
[2 marks]
3.
2 3 3
A =20 (Ly 2R TR | gmR2)
EI \4 12 3
[2 marks]
SOLUTION 3

Deflection, u, at the position of and in the direction of load, P, is:

v
" oP

3 3 3
9 <P <£ 43R TR 27TR2>>

u

ET\4 12 3
aop

— —— + 2nR?
El + + 21

_ 3P% (L + 3nL3R mR3
4 12 3
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dy _ 1 (p x% oy pl—a?  (x-6)®
A 2= (RyZ 4 Mplx—2) - P =+ 4)
[2 marks]
SOLUTION 4
. d2y 0 (x—6)2 . .
Integrating Elﬁ = Ryx + Mp(x —2)° —P(x —4) —q > with respect to x gives:
dy x? (x — 4)? (x — 6)3
El-==Ry—+My(x —2) — P - +A
dx = Rag T Molx=2) 2 176
Rearranging this for Z—i:
dy 1 x? (x — 4)? (x — 6)3
—~ = —(Ry=+My(x—2)—P - A
dx EI<A2+ olx=2) 2 176 °
5.
dy _ 1 x| Mo(x-2)% L (x-4)P  (x-6)*
A ZL=o (R4 H PE g +Ax + B)
[2 marks]
SOLUTION 5
2 —a\2 _r\3
Integrating Z—z = % (RA x? + Mp(x —2)—P & 24) —-q o) + A) with respect to x gives:
dy 1 x3 My(x —2)? (x —4)3 (x — 6)*
== —(Ry—+ -P - +Ax+B
dx EI( 6 2 6 1 224 x
6.
A. True
[2 marks]
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7.
A A
[2 marks]
SOLUTION 7
Point A is the furthest point from the neutral axis and on the opposite side to point E.
8.
B. EI2=pm
dx?
[2 marks]
9.
D. The deflection in the perpendicular direction to the loading direction is always zero.
[2 marks]
10.
D. Reduces the load required to cause buckling
[2 marks]
SOLUTION 10

All buckling load equations have length, L, on the bottom of the equation. Therefore, increasing the length of the
beam reduces the load required to cause buckling. An example, for a hinged-hinged beam, is shown below.
m2El
P —

c LZ
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11.

C. 48.0 MPa
[2 marks]
SOLUTION 11
Given o, = 125 MPa, 0, = 50 MPa and 7, = 30 MPa:
R= J(U" ; Gy)z +12, = j<1252_—50)2 +30% = 48.0 MPa
12. CJB Qu
B. 74 °C
[2 marks]
SOLUTION 12
ATppin = od _ 0.0 =73.5°C
™ doa 24 x 17 X 1076
13. CJB Qu
E. 312 MN/m
[2 marks]
SOLUTION 13

The axial stiffness for a 1D truss element is given by:

i = AE 0.015x0.03 x 208 x 10°

— 6
- e =312 x 10° N/m

14. CiBQu

D. 60 MPa
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[2 marks]
SOLUTION 14
The maximum shear stress at the N.A. given by:
. SAy _ 12 x 40000 x (25 x 20) x 10 _ 60 MPa
Iz 25 %403 x 25
15. cBQu
E. 26 MPa
[2 marks]
SOLUTION 15
oy —%—3;1/;)(»21”2
B 1+3v
og=A+—5— 3 pwT
atr=0.025 (ID), g, = 0 therefore:
0=A4 5 3+0.3 8000 x 314.152 x 0.0252

00252 8

0=A-1600B — 2.04 x 10°

atr=0.2 (OD), g, = 0 therefore:

B 3403
0=A———

8000 x 314.15% x 0.22
0.22 8

0=A-25B—-13.0x10°

0 =—1575B + 12.8 x 10°

therefore:
B = 8142

A=13.2x10°
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Hoop stress at the bore is given by:

8142 1+ 3v
0.0252 8

og = 13.2 X 10° + 8000 x 315.14% x 0.025% = 26.3 MPa ~ 26 MPa

16. cBQu
D. 209 MPa
[2 marks]
SOLUTION 16
Torsional shear stress:

Tr 32x500x12.5x 1073
] wx(25x1073)4

T= = 163 MPa

Axial stress:

F 40000

A mx (125 x 10-3)2 a

0q =

Centre given by:

C—Ga—81'5—4075MP
T T T a

Radius is given by:

Og\2
R= (7) + 12 =/40.752 + 1632 = 168 MPa

Max principal stress given by:

01 =C+R=40.75+168 =208.75 =~ 209 MPa
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17. CiBQu

A. More conservative
[2 marks]
18. CJBQu
D. Deviatoric Plane
[2 marks]
19. CJBQu
0.75 —J/3/4 —0.75 +3/4
ae\|—V3/4 025  +/3/4 —0.25
A. [kap] = (T)
—-0.75 +3/4 075 —/3/4
V3/4 —025 —/3/4 025
[2 marks]
20. CJBQu
C. 43 mm
[2 marks]
SOLUTION 20

According to the von Mises yield criterion:

2 _ 2 2
0y =0f — 0102 + 0,

For a shaft under pure torque, the Mohr’s circle is centred on the origin and gy and o, will be the same magnitude
and will also be the maximum allowable shear stress, therefore:

o; = 3R?

or

2019-2020 Exam Solutions 7



Department of Mechanical, Materials & Manufacturing Engineering F University of
MMME2053 — Mechanics of Solids f_ S Nottingham

UK | CHINA | MALAYSIA

250% = 3R?

giving:

2502
R = 3 = 144.34 MPa

Tr 2T
14434 x 104 = — = —
J mrs

_s|2x18000 _ .
"T [Taax106g o ore T e mm
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SECTION B

21.

Second Moment of Area, I, calculation:

Beam cross-section

="
64
[2 marks]
Free Body Diagram:
[3 marks]
Taking moments about X-X:
M+Q(R—a)=Pb
~ M = PRsin¢ — Q(R — Rcos¢) = PRsing — QR(1 — cos¢)
[3 marks]
Substituting this into the equation for Strain Energy in a beam under bending gives,
n
U= M—de = iJ(PRSL'n(,b —QR(1 — cos¢))2d¢>
2E1 2E1 )
where,
ds = Rd¢
[3 marks]
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Vertical displacement:

oU R [,
U, = 20 = EJ(PRsmqb —QR(1 - cosqb))(—R(l — cosqb))d(;b
0
[3 marks]
Setting dummy load, @ = 0,
s
PR3 ]
Uy =7 sing(cos¢p — 1)d¢
0
T
PR3 ] )
= Wj(smqbcosqb — sing)d¢
0
[1 mark]
Trig identity,
sin2¢ = 2sin¢cosg
1
-~ singcos¢p = Esianb
Substituting this into (i),
s
_PR3 1_2 ] p _PR3[ 1 26 + T
U, = I <Zsm ¢ smqb) ¢ = I 4cos ¢ + cosg .
0
) _ 2PR3
T =TT
[2 marks]
Substituting in the expression for second moment of area, I,
) B 128PR3
"W = T T ErDe
[1 mark]

128PR
EnD*

3
l.e. downwards deflection of . This is therefore the required expression for the minimum step height, h.

[2 marks]
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22.

(a)

Assuming yielding occurs at y = a and y < —a, the stress distribution in the beam cross-section is as follows:

195 MPa
80 y (o))
20
10 Wa
60 —a{ o
20
80 —195 MPa

Stress distribution
through the beam
cross section

Cross section of
the beam

Variation of stress with y:
* Fora<y<50,0=195MPa

. For—a<y<a,a=%5yMPa
* For—50 <y < —a,o=—195MPa

[3 marks]
Moment equilibrium
(Balance the moments due to stresses in the elastic and plastic regions with the applied moment)
M= J yodA = J yabdy
A y
[1 mark]

Due to the symmetry of the stress distribution above and below the Y-Y axis, and substituting in the elastic and
plastic terms for g, this can be rewritten as:
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a 30 50
o.
M=2 Jy;yybwdy+J yoyb,,dy + J yoy,brdy
0 a 30
[2 marks]
a 30 50
M b, .
-2—=;J dy + by, Jydy+bijdy
0 a
o B R e
b, b
= (a®) + > (307 —a?) + ?f(so2 —302)
——a? + 450b,, + 800b;
by, , M
~—a® =450b 800br — —
6" w9000 55
[2 marks]
bs 3M
= (2700 4+ 4800— —
by, o,by,
[2 marks]
=19.8 mm
[2 marks]
(b)
Assuming unloading to be entirely elastic. Beam bending equation:
M o E
Iy <_ R)
AM Ao
e "
[1 mark]
Where,
b bid;>\ 80 x 1003 S (35X60°Y _ oo 6 67
12 12 ) 12 12 )~ >rroeeeesmm
[1 mark]
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Max change in stress (Ag) will occur at y = 450 mm (furthest perpendicular distance from the Y-Y axis):

AM X Ynax =M X Ypax  —26,460,000 X £50
I N i ~ 5,406,666.67

. el —
i AO-max -

+244.7 MPa

aty = 50 mm, .- Acgl,, = —244.7 MPa
and aty = =50 mm, . Ay, = 244.7 MPa
[2 marks]

Therefore, the stress distribution after unloading can be calculated as:

195
o _
S50mm oo Yy ( y) ,,,,,,,,,,,,,,,,, 2,447 y ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
98mm | ) 79706\ |
””””” o (MPa) = o (MPa)
— 198 MM T (e
—50mm
—195 244.7
—O'y)
Loading stress (Elastic) unloading Residual stress
distribution stress distribution distribution

Interpolation of (elastic) unloading line:
Aty =50 mm, o0 = —244.7 MPa
y=mo+c
~ 50 =mx—244.7+0
~m=—0.204

Aty = 19.8 mm, 19.8 = —0.204X0o
s~ 0 =—-97.06 MPa
[3 marks]

The largest residual stress magnitude is £97.94 MPa, so reverse yielding does not occur, as this is below yield of the
materials, and so the assumption of purely elastic unloading is reasonable.

[1 mark]
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23.
(a)
Calculate the second moment of area of the section about the neutral axis (N.A.)

gl

20 ] | » DI |
!

—»Ci ——
60 | ———3t—-

20 ] | » A

'y
y

All dimensions in mm

[1 mark]
_ 5D’
W B Yn A Ayn 12
Al 80 20 -40 1600 2560000 53333 2.61E+06
A2 20 60 0 1200 0 360000 3.60E+05
A3 80 20 40 1600 2560000 53333 2.61E+06
I_tot 5.59E+06
[4 marks]
_3¢
Iz
[1 mark]
A & E are free surfaces, so:
Ty =T =
[1 mark]

Can use area below at B, 2 values due to section change:
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_ 32000 x (20 x 80) x (40)

= = 4.6 MP
t51 5.59 x 106 x 80 a
[2 marks]
32000 x (20 x 80) x (40) _ 18.3 MP
T2 = e Egx 106 x 20 oo A
[2 marks]
At C (centroid), need to consider the effect of two areas:
Inthiscase Q = Y A(yn — ¥)
Q = ((20 x 80) x (40)) + (20 x 30 x (15))
Q = 64000 + 9000 = 73000
and therefore:
_ 32000 x 73000 20 9MP
6T 559x106x20 o4
[3 marks]
At D, 2 values, which are the same as B (symmetry)
32000 x (20 x 80) x (40) _ 18.3 MP
1= T g x 106 x 20 oo
[1 mark]
32000 x (20 x 80) x (40) _ 4.6MP
2 =TT e x 106 x 80 o
[1 mark]
(b)
El 100
A T
20 3 Dl 90\
R \
60 _._._.(.:T._._._ f 50
{BIESSSS
v B:
+ ? 20
20 A /
I 0.00 SUOShela(Jr.US[irE;SIi/(IJPa]ZOOO 25.00
) 80 ] All dimensions in mm
[4 marks]
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